Geostatistical Design

Seren Lophaven



The Kattegat area

Kattegat

P =4
A_—Hevring Bay

North Sea

Germany



Location of monitoring stations







The design problem

X €A i=1,---.n

How should we choose sampling locations x;:

* For optimal estimation of parameters in the geostatistical

model
* For optimal prediction of S(x)

Different design situations:

* Retrospective: Add to, or delete from, an existing set of

sampling locations
* Prospective: Choose optimal positions for a new set of

sampling locations 5



Gaussian geostatistics

Yi=S(x)+Z i=1,---,n
* S(x;) is a Gaussian process with
E[S(x)] = u
Var[S(x)] = 6®
and correlation function

p(u) = Corr[S(x), S(x)]

e Z are lID with
Z € N(0,7%)

Parameter uncertainty is usually ignored in traditional



Plug-in prediction

The predictor that minimizes E[(S(x) — S(x))?] is called the
kriging predictor. It can be shown that the kriging predictor for
= S(Xo) is

T=pu+o?r " (®14+6%R) " (y — ul)
with prediction variance
Var[T|y] = 6® — o?r' (t?1+ 6°R) ' 6°r
where

* Ris a symmetric n x n matrix with elements p(|| x; — x; ||)

* ris anx 1 vector with elements p(|| xo — x; ||)



Design - Spatial prediction
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Parameter estimation - The semivariogram

¢ Definition:

Y(w) = S Varl Y() — V()] = SEI(Y()~ YOR], u=l x|

* The relationship between the semivariogram and the
correlation function:

Yu) =¥ +0*(1 —p(u))

* The sample semivariogram:




Design - Parameter estimation
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Geostatistical design - A Bayesian approach

Idea: Design for prediction, but at the same time allow for parameter
uncertainty. Thus, we work in the Bayesian paradigm and focus on
minimizing the variance of the predictive distribution.

Given data y and prior distribution pr(8) = pr(B,c?,,7%). The
posterior distribution is:

1
pr(B,0%,0, )|t + 2 A exp (2(y_ FBY (#1+0%R) ' (y - FB))
The predictive distribution pr(yoly) is:

prisely) = [ privoly.@)pr(ely)de



Retrospective design
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Retrospective design results
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Environmental monitoring example

Fitted model has linear trend and exponential semivariogram
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Prospective design

A) Lattice plus close pairs design B) Lattice plus in—fill design
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Prospective design results
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Closing remarks

In general:

* Usually, the primary goal of a geostatistical analysis in
spatial prediction

» Parameter estimation is usually not of direct interest

» But parameter uncertainty can have a material impact on
prediction

About geostatistical designs:

* To estimate model parameters efficiently the design need
to include a wide range of inter-point distances

* Therefore, spatially regular designs need to be tempered
by inclusion of some close pairs of points



